A new two-dimensional model is proposed to describe the electrical conduction in current collectors of prismatic lithium-ion batteries, and to investigate the effects of tab design on voltage drop. Polarization expression for a large-scale lithium-ion cell is determined experimentally and implemented in a numerical analysis to show that reaction current remains approximately uniform when depth-of-discharge is less than 85%. Based on this observation, a compact analytical model is developed to determine bulk and constriction/spreading resistances in current collectors. Moreover, the model predictions are successfully validated through comparisons with experimental data. It is demonstrated that constriction/spreading resistance in current collectors of the considered battery is fairly small; about 10% of the total cell resistance but it is larger than the contribution of bulk resistance which is about 3%. The model confirms that constriction/spreading increase with: decrease in the aspect ratio of the current collector, decrease in the tab width, and increase in the tab eccentricity. Lithium-ion (Li-ion) batteries have become the dominant battery technology for consumer electronics, and most recently, for hybridelectric vehicles and grid storage, due to several compelling features such as high power and energy densities, high voltage, long cycle life, excellent storage capabilities, and memory-free recharge characteristics.
Lithium-ion (Li-ion) batteries have become the dominant battery technology for consumer electronics, and most recently, for hybridelectric vehicles and grid storage, due to several compelling features such as high power and energy densities, high voltage, long cycle life, excellent storage capabilities, and memory-free recharge characteristics.
While Li-ion batteries are growing fast in popularity, their safety and the risk of thermal runaway remains a major concern. 1, 2 In this regard, thermal modeling and thermal management of large-scale Li-ion batteries have received increasing attention due to their widespread applications in automotive, military, and aviation industries; for examples of different approaches see Refs. 3-14. The total heat generation inside Li-ion batteries is the summation of reaction heat, active polarization heat, and ohmic heat. [15] [16] [17] While the heat generation due to reaction and active polarization is dictated by the cell chemistry, the ohmic heating is mostly related to electronic conductivity of the materials and architecture of the cell. 18 One of the key bottlenecks in designing a thermally stable Liion battery is rooted in the geometric design of electrodes and current collectors; improper designs result in non-uniformities in current distribution, particularly at high charge and discharge rates. 19, 20 At such high-rate circumstances, experimental measurements, 21, 22 infrared thermographs, 23, 24 electro-thermal models, [25] [26] [27] and thermoelectrochemical simulations [28] [29] [30] reveal the significant role of ohmic resistance around the current collecting tabs.
With the fast-paced development of numerical methods and computer technology, costly electrochemical simulations for Li-ion batteries have become a common approach in their design and optimization. However, to the authors' best knowledge, lack of an analytical model for the design of current collectors in Li-ion batteries is apparent in the literature. From the computational point of view, analytical solutions are highly on demand because they are continuous in the independent variables, and show explicitly how the parameters of the system are involved. Furthermore, analytical solutions give much insight into a system, which is one of the primary objectives of modeling. Accordingly, in this work, a theoretical model is developed to predict the distributions of potential and current density in current collectors of a large-scale (75 Ah) Li-ion battery. The proposed model is further employed to perform a comprehensive parametric study on the effects of geometrical configuration in ohmic losses. In our analysis, the total ohmic resistance of the battery is split into three components; constriction/spreading resistance, bulk resistance, and electrochemical resistance. Instead of an electrochemical model, a semi-empirical approach based on electrodes' polarization data is used to evaluate the electrochemical resistance of the battery (the resistance of electrode layers, electrolyte, and separator sheet). In addition, a finite-element numerical analysis along with supporting experimental data were employed to justify the assumptions in the analytical model. The numerical analysis employed in this study is initially introduced in Refs. 31, 32 and later adopted in Li-ion batteries by Kim et al. 33 In the next sections, the problem of interest is defined by presenting the governing equations and the corresponding geometry, i.e., a unit cell (electrode assembly) of a prismatic Li-ion battery. Experimentation procedure and test results are presented for a sample large-scale battery and results of a finite-element analysis are discussed and validated through comparison with the experimental data. A section is devoted to theoretical analysis, in which a closed-form solution for potential and current density in current collectors is developed, and formulas for constriction/spreading and bulk resistance are presented. The analytical model is used to conduct a parametric study on how the dimensions of current collectors and design of the electrode tab effectuate the electrical conduction process and voltage drop. Furthermore, results of the theoretical analysis are validated against archival experimental data. In the last section, key observations and conclusions are presented. Figure 1 shows a schematic of a unit cell in a prismatic lithiumion battery, also called an electrode assembly, which includes several layers. For a better illustration the layers are shown separated in the figure, while they are compressed in the actual battery. Each unit cell includes a pair of current collectors, two pairs of electrode layers (positive and negative), and two separator sheets sandwiched between the electrodes. The electrodes, which accommodate active materials required in the battery chemistry, are laminated over current collector foils. The current collector foils in positive and negative electrodes are made from aluminum and copper, respectively. The separator sheet that acts as an inert membrane for Li + transport between the electrodes is a polymer. The electrodes and separators are porous and are soaked in a concentrated electrolyte liquid. The cell tabs are the current collector foils extending outside the electrode plates for the Figure 1 . Schematic of a cell assembly in a prismatic lithium-ion battery is shown. The battery core is constructed by repeating the cell assembly. Different layers of the cell are separated for the sake of presentation. The arrows in z direction correspond reaction current, the transport of Li + from the negative electrode to the positive electrode during a discharge process. The arrows in x-y plane are current streamlines on current collectors.
Formulation of the Problem
purpose of electrical connection, and they are not covered by active materials. Arrows in Fig. 1 present current streamlines during discharge processes; through-plane straight arrows correspond to the transport of lithium ions, Li + , between the electrodes, and in-plane arrows in x-y plane represent the electrical current on current collectors. Because of the relatively high conductivity of the copper and aluminum current collectors as compared to the electrode materials, the in-plane current is assumed to be carried solely by the current collectors. 30, 32 During a discharge process, as shown in Fig. 1 , due to narrowing current passage at the tabs, electrical constriction and spreading respectively occur at the tabs of positive and negative electrodes. Concentration of streamlines at the vicinity of tabs results in a resistance, referred to as constriction/spreading resistance. If the tab width is equal to the electrode width, no current concentration occurs and the only resistance against the current is the bulk resistance.
A dimensional analysis can be performed to show that owing to the small thickness of the current collectors, compared to their dimensions in x and y directions, the distribution of current in the current collectors is two-dimensional in x-y plane. 30 Accordingly, the governing differential equation for the charge balance in each current collector reads
where x and y indicate the spatial coordinate system (m), σ is the electrical conductivity (S m −1 ) of the current collector, V j is the potential distribution (V) in the current collector, J is the throughplane current density distribution (A m −2 ) due to electrochemical reactions between the electrodes on both sides, δ is the current collector thickness in z direction, and n is the unit normal vector on each current collector pointing inward. The subscript j corresponds to domains of the positive current collector p and the negative current collector n . As depicted in Fig. 2 , each current collector can be considered as a rectangular domain in x-y plane of width a and height c. The through-plane current enters (or exits) the domain through its surface in x-y plane, whereas the in-plane current is allowed to exit (or enter) the domain through the tab constriction of width b on the boundary at y = c. The distance of center of the constriction (tab) from y-axis is denoted by e. When e = a/2 the constriction is called "centric constriction" otherwise "eccentric constriction."
With reference to Fig. 2 , the relevant boundary conditions for Eq. 1 at the positive domain are Similarly, for the negative domain
The above boundary conditions imply that no current passes through boundaries of p and n except for the tab boundaries. In Eq. 2d, I cell is the cell discharge current (A), and b δ p is the crosssectional area of the tab on the positive current collector. In Eq. 3d, voltage at the tab boundary of the negative current collector is set to zero in order to provide a reference for voltage distribution. 20 The distribution of the through-plane current density is dictated by the local rate of electrochemical reactions in electrodes, which can be accurately described by detailed electrochemical models. 29, 30 In this study, a mathematical model 31, 32 is employed to predict the time dependent behavior of the reaction current density during constant-current discharge processes in a sample Li-ion battery. The model uses experimentally determined polarization expressions to describe the overpotential between positive and negative electrodes.
Confirmed by experimental observations 32 and also electrochemical simulations, 28 at a fixed depth-of-discharge (DOD), the discharge voltage exhibits a linear dependency on current. Accordingly, a linear polarization expression can be assumed as 20, 31, 32 
where J is related to the applied cell current I cell (A) and the battery current I batt (A) via
Here, Y ec (S m −2 ) is the electrochemical conductance per unit area of the cell, 20 V oc is the open-circuit (equilibrium) potential of the cell, and V p − V n corresponds to the potential difference between a point on the positive current collector and the opposite point on the negative current collector. The number of electrode pairs [cf. Fig. 1 ] inside the battery is denoted by N elec .
Both Y ec and V oc vary with respect to the DOD and their dependency can be approximated by the following polynomial fits
where C l and D m are the constants to be determined from experiments.
We define DOD as the fraction of cell capacity Q cell (Ah), released during a discharge process. Given an initial DOD at t = 0 and assuming 100% coulombic efficiency, DOD (in %) can be calculated in time t (s) as
where
Once the boundary-value problem, i.e., Eqs. 1-3, is solved for a given DOD (or time), Ohm's law can be used to find the local in-plane current density on each current collector
Experimental Study
We use a high-power prismatic Li-ion battery (AllCell Technologies, USA) as the experimental battery, with the nominal capacity of 75 Ah. With reference to Fig. 2 , dimensions of current collectors in the battery and their electrical conductivity are given in Table I . The battery core (electrode stack) contains several pairs of positive and negative electrodes connected in parallel; nickel-cobalt-manganese cathode and graphite anode.
Constant-current discharge tests at C/2-rate (37.5 A), 1C-rate (75 A), 2C-rate (150 A), 4C-rate (300 A), and 5C-rate (375 A) were performed to measure the battery voltage V batt during discharge processes. Each discharge test was performed with the battery uninsulated, lying flat on a perforated plastic rack in an environmental chamber (Envirotronics, ST-27) set at 25 ± 0.5
• C. Before discharging, in order to establish a 100% state-of-charge, the battery was charged following the constant-current and constant-voltage (CC-CV) protocol, i.e., it was charged at 37.5 A until reaching 4.2 V, then held at 4.2 V until the charging current decreased to 3.75 A. The fully charged cell was then allowed to rest for an hour before a discharging test begins. Voltage data were recorded at a rate of 1 S s −1 over the duration of the tests. Sampled voltage values from measurements are shown in Fig. 3 . The cutoff voltage for discharge tests was set to 2.7 V. To allow a discharged battery to return to ambient temperature and reach its electrochemical equilibrium, a minimum of four hours elapsed between the end of a discharge cycle and the beginning of the charge cycle.
Additionally, open-circuit potential of the battery was experimentally determined by discharging the cell at a C/20-rate (3.75 A) at 25
• C inside the environmental chamber. All discharge tests were performed with a multi-channel power cycler (Arbin Instruments, BT-2000) .
As shown in Eqs. 6 and 7, Y ec and V oc depend on DOD. Their values at various DOD are estimated from measured data of the battery voltage versus current. 32 As shown in Fig. 4 , at a constant DOD, the actual variation of voltage versus current (symbols in Fig. 4) can be approximated by a linear function (lines in Fig. 4) , where Y ec is the inverse of the line slope and V oc is the intercept.
Values for V oc and Y ec at different DOD, obtained from measurements and above-mentioned procedure, are plotted in Fig. 5 . In order to check the accuracy of our approximation, experimentally obtained open-circuit voltage of the battery is compared to the approximated values in Fig. 5(a) ; the comparison shows a satisfactory agreement. Solid lines in Fig. 5 represent seventh-order polynomial fits to the 
Numerical Analysis
Equation 1 along with boundary conditions 2 and 3 can be solved numerically, because the governing Poisson equations for positive and negative domains are non-homogeneous and highly coupled via their source terms.
In the present work, a finite element PDE solver, COMSOL MULTIPHYSICS (Version 4.3a), is used to simultaneously solve system 1-3 over two separated domains, p and n , and obtain the voltage and current density distributions at different DOD values.
Once the voltage distribution on current collectors is obtained numerically, the battery voltage V batt can be calculated as
where b is the width of the tab. In Fig. 6 , voltage response of the battery at different discharge rates is calculated from numerical simulations with Eq. 10, and is compared to measured voltage values, i.e., data in Fig. 3 . The comparison shows an excellent agreement between the calculated an measured volt- Plot (a) in Fig. 8 , shows the distribution of through-plane current density, J , between the electrodes at t = 600 s (DOD = 16%) during a 1C-rate discharge process. Plot (b), shows the same data at t = 3480 s (DOD = 96%) for a 1C-rate discharge.
The results in Fig. 7 show that the distribution pattern for voltage and in-plane current density remain the same during the whole constant-current discharge process, while the magnitude of voltage decreases with DOD [cf. Fig. 6 ]. Quite differently, as depicted in Fig . 8 , the distribution pattern for through-plane (reaction) current density, J , changes drastically. Our simulations show that for DOD < ≈ 5% the through-plane current density is higher at the vicinity of tabs. At 5 < ≈ DOD < ≈ 85% the distribution of reaction current becomes more uniform, but still remains slightly higher near the tabs. However, near the end of discharge, i.e., for DOD > ≈ 85%, when active materials are depleted at the top side of the electrodes near the tabs, the through-plane reaction current is forced away from the tabs toward the bottom of current collectors where active materials are less utilized. We observed the same behavior at all discharge currents (not shown here), nonetheless, such non-uniformities in reaction current become stronger at higher discharge rates.
In order to investigate uniformity of the through-plane current density at different discharge rates, minimum and maximum values of J with respect to DOD are obtained numerically and plotted in Fig. 9 . Solid lines in Fig. 9 represent the maximum values, dotted lines denote its minimum values, and the averaged value,J = I cell /(a c), is depicted by dashed lines. The plots reveal that for DOD < 85% variations of J are not drastic, nevertheless, for DOD > 85% such variations become more pronounced, particularly at high discharge currents.
As given in Eq. 4, uniformity of the through-plane current density strongly depends on variations of Y ec and V oc with respect to DOD; indeed, our investigations show that variations of V oc are dominant. The considered nickel-cobalt-manganese/graphite battery exhibits sharp variations in Y ec and V oc for DOD > 85%; however, at low temperatures or for specific chemistries (iron-phosphate/graphite cells), variations of Y ec and V oc can be significant at small DOD as well owing to activation effects (mass transfer resistance). Accordingly, the DOD limit for a uniform reaction current may vary for different cases, and so the applicability of this model.
Ohmic Resistance Analysis
The voltage drop between battery tabs with respect to the opencircuit potential, V oc − V batt , is the result of internal resistances which can be split into: i) spreading resistance R s and constriction resistances R c at the current collector tabs, ii) electrical resistances R b, j of current collectors (bulk resistance), and iii) the electrochemical resistance R ec ; the inverse of the electrochemical conductance Y ec . For an arbitrary current path, these resistances are schematically shown in Fig. 10 . In this section, we develop a closed-form analytical model to evaluate the contribution of ohmic resistances, i.e., spreading/constriction and bulk resistances, to the battery voltage drop. For this, we shall first set R ec = 0 and solve Eqs. 1-3 to find the voltage difference between the tabs. Nonetheless, in order to properly define this problem, a through-plane current density must be assumed.
Results from the numerical analysis confirm that the reaction current density, J , is not uniform; however, its local variations are not drastic, particularly for DOD < 85%; see Fig. 9 . Accordingly, a uniform reaction current density,J , is superimposed in our analysis which allows to develop a theoretical model for ohmic resistances in the current collectors. Note that uniformity of reaction current density is a desired feature for Li-ion batteries, as it means that active material are evenly utilized and battery degradation rate is minimized.
Analytical model for voltage and current density distributions.-
We define a new variable to transform the governing Poisson equation, Eq. 1, and the corresponding boundary conditions, Eqs. 2 and 3, into a Laplace equation, for which an analytical solution is accessible with the method of separation of variables.
Let's introduce a new variable ξ, that relates V toJ via
whereJ = I cell /(a c) is the averaged through-plane current density. Substituting V j (x, y) from Eq. 11 into Eq. 1 and boundary conditions 2 and 3 yields the following homogeneous equation
ecsdl.org/site/terms_use address. Redistribution subject to ECS license or copyright; see 142.58.187.243 Downloaded on 2013-08-22 to IP with the transformed boundary conditions for the positive current collector
and for the negative current collector
Note that in derivation of Eq. 13d, the cell discharge current I cell is replaced with a cJ . Also, in Eq. 14d an equivalent second-type (Neumann) boundary condition is introduced instead of the original first-type (Dirichlet) boundary condition, because the method of separation of variables cannot be applied on a Laplace equation [cf. Eq. 12] with a first-order boundary condition. 34 Indeed, in the transformed system 12-14, the through-plane current densityJ is eliminated from the source term of the original Poisson equation [cf. Eq. 1] and its effect are reflected on the transformed boundary conditions.
Since geometries of the domains are similar (see Fig. 2 ) and the governing equations are the same, it suffices to discuss the details of the analytical solution for one of the domains-the same approach can be applied to the other domain as well. Here, we consider the positive domain and omit the subscript " p" in the following formulas for the sake of better readability.
Using the method of separation of variables, the general solution for Eq. 12 can be obtained as [15] in which the summation is taken over all discrete spectrum of eigenvalues α k = kπ/a. The terms cos (α k x) and cosh (α k y) are the eigenfunctions, and A k is the coefficient to be determined from boundary conditions at y = c, i.e.
The unknown coefficient A k must be obtained from the orthogonality condition for eigenfunctions 34, 35 A
Thus, multiplying both sides of Eq. 16 with cos (α l x) and subsequent integrating yields the following relation for
from which A k is evaluated as
Finally, the solution for potential V (x, y) follows from Eq. 11
with A n as given in Eq. 19. Once the voltage distribution is known, the in-plane current distribution can be obtained from Eq. 9. The solution for V (x, y) in Eq. 20 is the superposition of a one-dimensional potential distribution, −J y 2 / (2δσ), and a twodimensional potential distribution, A k cos (α k x) cosh (α k y). It is apparent that where no constriction exists, i.e., b = a and e = a/2, the two-dimensional part of the solution vanishes, since A k = 0.
Constriction resistance model.-The resistance that results from constriction of current at the positive current collector tab can be defined as
whereV c is the averaged potential along the constriction width b and V nc is the potential at y = c when there is no constriction (b = a and e = a/2). The units for R c is ohm ( ). In order to findV c − V nc one ecsdl.org/site/terms_use address. Redistribution subject to ECS license or copyright; see 142.58.187.243 Downloaded on 2013-08-22 to IP can use the solution in 20 to obtain
Replacing Eq. 22 in 21, yields a closed-form expression for constriction resistance, which is a function of geometrical parameters a, b, c, e, and electrical conductivity σ>
For the sake of comparison with experimental data, following Refs. 36 and 37, we define Y c as the constriction conductance per unit area (the term constriction conductance, when used, represents the reciprocal value of the constriction resistance)
Equation 24 can be rewritten in the following dimensionless form [25] in which the eigenvalues α k = kπ/a are introduced. The dimensionless conductance number c and three aspect ratios are [26] For convenience, we name ε b , ε c , and ε e as constriction number, domain aspect ratio, and eccentricity number, respectively. Based on Fig. 2 , variation ranges for aspect ratios are 0 < ε b < 1, ε c > 0, and
Bulk resistance.-In Eq. 21, if we setV c = 0, it gives the bulk resistance of the current collector. Additionally, from the analytical solution 20 we know that V nc = −J y 2 / (2δσ), hence, the formula for bulk resistance becomes
Equation 27 confirms that thicker current collectors with small domain aspect ratios and high electronic conductivities are preferred to reduce the bulk resistance.
Results and Discussion
In this section a parametric study is performed to describe the effects of current collectors configuration on constriction and spreading resistances inside the battery. Furthermore, the results are validated against experimental data from Refs. 36, 38, and 39.
Constriction conductance, as formulated in Eq. 25, turns out to be independent of how the currentJ is supplied into the domain. This makes it possible to verify the present model against empirical data obtained for the cases in which the current was supplied at the boundaries of the domain; 36, 38, 39 see Ref. 36 for details on experiment setup.
In Fig. 11 , results of the constriction model for a centric tab (ε e = 1/2) are compared to experimental data. The plot shows the variation of conductance number c with respect to constriction number ε b for different values of domain aspect ratio ε c . The experimental data from Refs. 36, and 38 are shown with symbols (circles and diamonds), and are obtained for long strips of thin resistive papers with large domain aspect ratios; ε c 1.
The results of our model remain invariant for ε c > 1, however, as expected, for smaller domain aspect rations the conductance number decreases, due to increase in constriction resistance. To test the accuracy of the model, the series solution for c is plotted by 200 eigenvalues (k = 200), but even for a small number of eigenvalues, i.e., k < 7, the model fairly predicts the measurements, except for very small constrictions, ε b < 0.1.
It is worth mentioning that at the limits, where ε b → 0 and ε b → 1, all curves in Fig. 11 converge to minimum and maximum values of the conductance number.
To investigate the effects of eccentricity on constriction conductance, variation of normalized conductance number c / 0 with respect to ε b and ε e is shown in Fig. 12(a) , where 0 is the conductance number for a given constriction number ε b , with no eccentricity, ε e = 1/2. In Figs. 12(b)-(d) , for fixed values of ε b , variation of c / 0 with respect to ε e is compared to experimental data. 36, 39 The results confirm that constriction conductance decreases when eccentricity increases. The comparisons also show a precise prediction of the proposed model. Since in Refs. 36 and 39, eccentricity is defined with respect to the centerline of the domain width, the measured data are reported only for half of the domain width, owing to symmetry about the centerline.
For the considered battery, according to Eq. 23, spreading resistance at the negative current collector is 1.57 m and constriction resistance at the positive current collector is 1.74 m . This minor difference is a result of different thicknesses and electrical conductivities of copper and aluminum foils; see Table I . Furthermore, from Eq. 27, bulk resistances in negative and positive current collectors are calculated as 0.55 m and 0.61 m , respectively. This reveals that constriction/spreading resistance in current collectors has a larger contribution to ohmic losses compared to their bulk resistance.
In Fig. 13 , variation of the electrochemical resistance with respect to DOD, obtained from data in Fig. 5(b) , is plotted. Comparison between the magnitudes of different resistances shows that when DOD < 85%, contribution of the constriction/spreading resistance to the total resistance is about 10%, whereas only about 3% of the total resistance is the result of bulk resistances.
Conclusions
In this study, a new mathematical procedure was developed that accurately predicts the contributions of bulk and spreading/constriction resistances to internal losses of lithium-ion batteries with planar tabbed configuration. The following steps were taken to develop and validate the present model:
r a large-scale lithium-ion battery (75 Ah) was characterized experimentally to obtain its polarization expressions, r time dependence behavior of the battery during glavanostatic discharge processes was simulated numerically to investigate distributions of the reaction current, the voltage, and the secondary current in the electrode assembly, r based on the assumption that the governing equations for two fields (positive and negative electrodes) can be decoupled, an analytical model was proposed to approximate ohmic resistances is current collectors of the battery. The assumption required for development of the analytical model was justified by an independent full numerical simulation of the problem. r a compact series-form solution for electrical constriction and spreading resistances in current collectors of the battery was obtained and validated through comparisons with experimental data available in the literature.
We emphasize that in developing the present analytical model, it was assumed that the reaction current density is uniformly distributed between electrodes, which is a valid assumption for DOD < 85% confirmed by numerical simulations.
The constriction/spreading resistance model was used to conduct a parametric study on the effects of current collectors configuration in ohmic losses. For the considered battery, the model estimated the contributions of spreading/constriction resistance and bulk resistance to be about 10% and 3% of the total resistance, respectively. Since resistance values for the experimental battery are fairly small, one may conclude that the battery includes well-designed electrodes. However, for other batteries, contributions of spreading/constriction and bulk resistances may be much higher.
The results confirms that constrictions/spreading resistance increase as:
r domain aspect ratio (ratio of length to width) decreases, r width of the tab decreases, r tab eccentricity increases, r electrical conductivity decreases, To conclude, it is important to emphasis on the importance of constriction/spreading resistance on the thermal behavior of Li-ion batteries. Experimental observations confirm that during charge and discharge of a Li-ion battery, temperature at the vicinity of the tabs ecsdl.org/site/terms_use address. Redistribution subject to ECS license or copyright; see 142.58.187.243 Downloaded on 2013-08-22 to IP is higher compared to other parts of the battery, which is the direct result of increased current density at the tab constriction. Accordingly, the analysis presented in this study provides guideline for sizing current collectors and locating tabs in batteries with stacked electrode designs. Furthermore, this simple model may be preferred to threedimensional models for optimizing the thermal design of electrodes in such batteries. 
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